The property of quantum entanglement or the inseparability of quantum states lies at the heart of several fields like quantum information theory, quantum teleportation, quantum cryptography etc. However for a given a quantum state it is a non trivial question to find out whether a given state is entangled or not. So several criterion's such as Peres Horodecki Positivity of Partial Transpose (PPT) criterion[1], Von Neumann entropy, Schmidt decomposition etc. have already been proposed to find out whether a given state is entangled or not. However, the entanglement of indistinguishable particles are not well studied since such wave function of such particles are symmetrised or antisymmetrised product states which may not be separable in the usual sense. But these inseparability does not imply entanglement as it need not lead to any useful correlations. So the above mentioned separability criterion may not work in the case of indistinguishable particles. Von Neumann entropy[5] is one generalized criterion which works for distinguishable particles and indistinguishable particles. But the entropy does change * ravicusat@cusat.ac.in 1
for distinguishable particles, fermions and bosons. Slater decomposition or slater rank is another one criterion proposed for fermions.
In this paper, partial transpose operation is proposed as one such general separability criterion for distinguishable particles and indistinguishable fermions and bosons for bipartite systems.In this paper we propose partial transposition criterion in which if we can write the partially transposed density matrix as product of two density matrices (not necessarily the density matrix of one particle states) the state is separable.
DISTINGUISHABLE PARTICLES
For distinguishable particles, a bipartite pure quantum state can be represented as
On exchanging i and j indices of operatorb we get
In the matrix form we can write it as
Here ρ = ρ P T . For a separable state its Schmidt number is equal to 1 and it is greater than 1 for an entangled state. We have seen that for a state with Schmidt number one, the partially transposed density matrix is same as the original density matrix while it is not the same as the original for a state with Schmidt number greater than 1. So to conclude, we can say that for a bipartite system consisting of distinguishable particles, the state is separable if the partially transposed density matrix is same as the original density matrix as we expected. Later when we discuss bosons, we will show that for the separability ρ = ρ P T is not as necessary condition. There we will show that states with ρ P T =ρ 1 ⊗ρ 2 , whereρ 1 andρ 2 are one particle mixed states are also separable. ρ P T in equation (7) cannot be written as tensor product of density matrices and hence the state is separable.
INDISTINGUISHABLE PARTICLES
Hilbert space of two distinguishable particles, H = H 1 ⊗ H 2 . Where H 1 belongs to particle one and H 2 belongs to particles two. For distinguishable particles entanglement is attributed to states which cannot be written in product form. But a system of indistinguishable particle in general, cannot be written in product form because both the particles share the same Hilbert space. Therefore many of the criteria that is discussed for distinguishable particles is not applicable. For example, particles with VonNeuman entropy of the reduced density matrix equal to one can be a separable states for Bosons and Fermions. But this inseparability does not mean entanglement. So special care is to be taken when entanglement of indistinguishable particles are studied. In this paper we propose partial transposition criterion in which if we can write the partially transposed density matrix as product of two density matrices (not necessarily the density matrix of one particle states) the state is separable.
BOSONS
Bosons can be represented in the Schmidt basis as
In general ρ = ρ P T . For bosons, the states are separable when the Schmidt number is 1 or 2 and it is entangled when the Schmidt number is greater than 2 [5] . However when Schmidt's number is one,
For bosons for all values of i and j
By using (11) we can write,
That is it is possible to write it as product of density matrices. From (9) and (10) it is evident that ρ = ρ P T . Even then the state is separable [5] . Therefore to be in accordance with the result of Gherardi [5] we propose that the state is separable if the partially transposed density matrix is a tensor product of density matrices. Above result is not trivial becauseρ 1 andρ 2 are not one particle density matrices. If we consider a state with Schmidt's number 3, it is not possible to write the density matrix as product of density matrices and hence the state is entangled.
According to our criteria, for separable states, the partially transposed density matrix should be written as the product of two density matrices. ρ in equation (18) cannot be written as tensor product of matrices and hence fermions with slater rank 2 are not separable.
CONCLUSION
In summary, we have presented a general criteria for the separability of quantum states for a bipartite system based on partial transposition operation for both distinguishable and indistinguishable particles. For distinguishable particles and bosons, the partial transpose is taken on the Schmidt basis, while it is done using slater decomposition for fermions. The partially transposed matrix is identical to the original density matrix for the distinguishable particles and any change in the matrix is only due to entanglement. In the case of fermions and bosons, we check whether the partially transposed matrix can be written as the product of two density matrices. If it is possible, then the states are separable, otherwise entangled.
